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3 $\Omega\subset \mathbb{R}^{3}$ , $u=(u_{1}, u_{2}, u_{3})$ $P$
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Stokes . , Dirichlet
$\int_{\Gamma}g\cdot nd_{S}=0$
. $n$ . $D$ $D_{ij}(u)$ $:=$





. $\overline{\Omega}$ . $h$ .
$S_{h}(\Omega)\subset H^{1}(\Omega)\cap C^{0}(\overline{\Omega})$ Pl . ,
.
$X_{h}:=S_{h}(\Omega)^{3}$ ,
$V_{h}(g):=\{v_{h}\in X_{h} ; v_{h}(P)=g(P) (\forall P)\}$ ,
$V_{h}:=V_{h}(0)$ ,
$M_{h}:=s_{h}(\Omega)$ ,
$Q_{h}:=\{q_{h}\in M_{h} ; (q_{h}, 1)=0\}$ .
$P$ $\Gamma$ . $(\cdot, \cdot)$ $X_{h}$ $M_{h}$ $L^{2}$ . $u_{h},$ $v_{h}\in X_{h}$
$p_{h},$ $q_{h}\in M_{h}$ , – .
$a(u_{h}, v_{h} ; \mu_{h}):=2\int_{\Omega}\mu hD(uh)$ : $D(v_{h})dX$ , (4)
$b(v_{h}, q_{h}):=-(\nabla\cdot v_{h}, q_{h})$ . (5)
$\mu_{h}\in M_{h}$ $\mu$ Pl . $h_{K}$ $K$ , $(\cdot, \cdot)_{K}$ $K$ $L^{2}$
.
$\mathrm{P}1/\mathrm{P}1$ – $b(\cdot, \cdot)$ ,
, . 2
.
1 Galerkin (GLS) $[2, 4]$
$\{u_{h},p_{h}\},$ $\{v_{h}, q_{h}\}\in X_{h^{\cross}}M_{h}$ , – .
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}(\{u_{h},p_{h}\}, \{v_{h}, q_{h}\};\mu_{h}):=a(u_{h}, v_{h} ; \mu h)+b(vh,ph)+b(u_{h}, q_{h})$




$\{v_{h}, q_{h}\}\in X_{h^{\mathrm{X}M}h}$ , .
$F_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}( \{vh, q_{h}\}):=(f, v_{h})-\delta\sum(fK\in\tau h’-2\nabla\cdot[\mu_{h}D(vh)]+\nabla qh)_{K}$
. (7)
GLS $\{v_{h}, q_{h}\}\in V_{h}\mathrm{x}Q_{h}$ ,
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{s}_{(}}\{uh,ph\},$ $\{v_{h,q_{h}}\};\mu h)=F_{\delta}^{\mathrm{G}}\mathrm{L}\mathrm{S}(\{v_{h}, q_{h}\})$ (8)
$\{u_{h},p_{h}\}\in V_{h}(g)\cross Q_{h}$ , . , $\delta$ $h$
$0< \delta<\frac{1}{4}\min_{K\in \mathcal{T}_{h}}\{\frac{\min_{x\in K}\mu_{h}(x)}{h_{K}^{2}|\nabla\mu h|^{2}}\}$ (9)
.
2 [1]
$\{u_{h},p_{h}\},$ $\{v_{h}, q_{h}\}\in X_{h}\cross M_{h}$ , – .
$A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}\mathrm{a}}1}\mathrm{t}\mathrm{y}(\{u_{h,p_{h}}\}, \{v_{h}, qh\};\mu h):=a(u_{h}, v_{h} ; \mu h)+b(v_{h},p_{h})+b(uh, q_{h})$
$- \delta\sum_{K\in^{\tau_{h}}}h_{K}^{2}(\nabla p_{h}, \nabla q_{h})_{K}$
. (10)
$\{v_{h}, q_{h}\}\in X_{h}\cross M_{h}$ , .
$F_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}}\mathrm{a}\mathrm{l}\mathrm{t}}\mathrm{y}(\{v_{h}, qh\}):=(f, v_{h})$ . (11)
$\{v_{h}, q_{h}\}\in K\cross Q_{h}$ ,
$A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}\mathrm{a}}1\mathrm{y}}\mathrm{t}(\{uh,ph\}, \{v_{h,q_{h}}\};\mu h)=F^{\mathrm{P}}\delta \mathrm{e}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{y}(\{vh, q_{h}\})$ (12)
$\{u_{h},p_{h}\}\in V_{h}(g)\cross Q_{h}$ , . $\delta$ .
$\delta>0$ . (13)
– $a(\cdot, \cdot ; \mu_{h})$ .
1
$\alpha_{0}$ , $h$ $v_{h}\in V_{h}$ ,
$a(v_{h}, v_{h;}\mu_{h})\geq\alpha_{0}||v_{h}||^{2}1$










$|q_{h}|_{h}:= \{_{K\in \mathcal{T}_{h}}\sum h_{K}2(\nabla q_{h}, \nabla q_{h})_{K}\}^{1/}2$ .
GLS – $A^{\mathrm{G}\mathrm{L}\mathrm{S}}(\cdot, \cdot)$ .
3
$\delta$ (9) , $C_{1}$ , $h$
$v_{h}\in V_{h}$ $q_{h}\in Q_{h}$ ,
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}(\{vh, qh\}, \{v_{h}, -qh\};\mu_{h})\geq c_{1}||v_{h}||_{1^{+\delta}}2|q_{h}|2h$
.
$v_{h}\in V_{h}$ $K\in \mathcal{T}_{h}$ – $\partial_{l}D_{kl}(v_{h})=0(x\in K,$ $1\leq k,$ $l\leq$
3) , .
$[ \nabla\cdot[\mu_{h}D(vh)]]_{k1\leq l}=\sum\leq 3(\partial_{l\mu h})Dkl(v_{h})$ $(x\in K, 1\leq k\leq 3)$ .
,
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}(\{v_{h}, qh\}, \{vh, -qh\};\mu_{h})$
$=a(v_{h}, v_{h} ; \mu_{h})-\delta\sum_{K}h_{K}^{2}(-2\nabla\cdot[\mu hD(vh)], -2\nabla\cdot[\mu_{h}D(vh)])K+\delta|qh|_{h}^{2}$
$=2 \sum_{K}\int_{K}\mu_{h}\sum_{31\leq k,\iota\leq}|Dk\iota(v_{h})|2dx-4\delta\sum Kh_{K}2\int_{K}1\leq\sum\{\sum(\partial_{\iota}\mu_{h})Dk\iota(v_{h})\}2dx+k\leq 31\leq\iota\leq 3\delta|q_{h}|_{h}^{2}$
$\geq 2\sum_{K}\int_{K}\mu h\sum_{3k,,l\leq}|1\leq-Dkl(v_{h})|^{2}dX4\delta\sum Kh_{K}2\int_{K}|\nabla\mu h|2\sum_{3\leq}|Dk\iota(1\leq k,l\delta vh)|2d_{X+}|q_{h}|_{h}^{2}$
$=2 \sum_{K}\int_{K}(\mu_{h}-2\delta h_{K}^{2}|\nabla\mu h|^{2})\sum_{3k}|D_{k}l(v_{h})|2d_{X}+\delta|qh|_{h}^{2}1\leq,\iota\leq$
$\geq\mu 0||D(v_{h})||_{0}2\delta+|qh|_{h}2$ .
. Schwarz . Korn
. $C_{1}= \frac{1}{2}\alpha_{0}$ $\square$
– $A^{\mathrm{P}\mathrm{e}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{y}}(\cdot, \cdot)$ .
36
4
$h$ $\in V_{h}$ $q_{h}\in Q_{h}$ ,
$A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}\mathrm{a}}1\mathrm{t}\mathrm{y}}(\{vh, q_{h}\}, \{v_{h}, -qh\};\mu_{h})\geq\alpha_{0}||vh||21^{+}\delta|qh|_{h}2$
.
2 3 4 – $A^{\mathrm{G}\mathrm{L}\mathrm{S}}(\cdot, \cdot)$ $A^{\mathrm{p}_{\mathrm{e}\mathrm{n}\mathrm{a}}1}\mathrm{t}\mathrm{y}(\cdot, \cdot)$ ,
[3]. , .
1
1. (9) $\delta$ , GLS (8) – .
2. (13) $\delta$ , (12) – .
$u\in H^{2}(\Omega)^{3},$ $P\in H^{1}(^{-}\Omega)$ Stokes (1)$-(3)$ .
GLS ,
. $\{\tilde{u}_{h},\tilde{p}_{h}\}$ $\mu$ (8) , $\{v_{h}, q_{h}\}$
$V_{h}\cross Q_{h}$ , .
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}(\{u-\tilde{u}h,p-\tilde{p}_{h}\}, \{v_{h}, q_{h}\};\mu)=0$ .
, .
5
1. $\{u_{h},p_{h}\}\in V_{h}(g)\cross Q_{h}$ GLS (8) . $C_{2}$
, $h$ $\{v_{h}, q_{h}\}\in V_{h}\cross Q_{h}$ ,
$|A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{s}}(\{u-u_{h},p-p_{h}\}, \{v_{h}, q_{h}\};\mu h)|\leq C_{2}h|\mu|1,\infty||u||_{1}||vh||_{1}$ .
2. $\{u_{h},p_{h}\}\in V_{h}(g)\mathrm{X}Q_{h}$ (12) .
$C_{3},$ $C_{4}$ , $h$ $\{v_{h}, q_{h}\}\in V_{h}\cross Qh$ ,
$|A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}}}\mathrm{a}1\mathrm{t}\mathrm{y}(\{u-u_{h},p-ph\}, \{vh, qh\};\mu h)|\leq C_{3}h|\mu|1,\infty||u||_{1}||v_{h}||1+C4h||p||_{1}||qh||_{0}$ .
, .
$A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}}}\mathrm{a}1\iota \mathrm{y}(\{u-u_{h}, p-p_{h}\}, \{v_{h}, q_{h}\};\mu h)|$
$=|2 \int_{\Omega}\mu_{h}(D(u)-D(uh))$ : $D(v_{h})dx+b(v_{h},p-ph)+b(u-u_{h}, qh)$
$- \delta\sum_{K}h_{K}2(\nabla(p-ph), q_{h})_{K1}$
$=| \{2\int_{\Omega}\mu D(u)$ : $D(vh)d_{X}+b(vh,p)+b(u, qh) \}-\delta\sum_{K}h2(K\nabla p, \nabla qh)K$
$- \{2\int_{\Omega}\mu_{h}D(u_{h})$ : $D(v_{h})dX+b(vh,Ph)+b(uh, qh)- \delta\sum_{K}h_{K}2(\nabla ph, \nabla qh)_{K}\}$
$-2 \int_{\Omega}(\mu-\mu h)D(u)$ : $D(v_{h})dX|$
$\leq\delta|\sum_{K}h_{K}^{2}(\nabla p, \nabla q_{h})K|+2||\mu-\mu_{h}||0,\infty||D(u)||0||D(v_{h})||_{0}$ .
37
$|\cdot|_{h}$ [3]
$\delta|\sum_{K}h_{K}^{2}(\nabla p, \nabla q_{h})K|\leq\delta(\sum_{K}h_{K}^{2}||\nabla p||_{0,K}2)^{1}/2|q_{h}|h\leq C’h||\nabla p||0||qh||0$
. Pl , .
$||\mu-\mu_{h}||_{0},\infty\leq C\prime\prime h|\mu|_{1},\infty$ .
, . GLS ,
Stokes ,
.
1 $u\in H^{2}(\Omega)^{3},$ $p\in H^{1}(\Omega)$ Stokes (1)$-(3)$ . $\delta$
GLS (9) , (13)
. $\{u_{h},p_{h}\}\in V_{h}(g)\cross Q_{h}$ (8) (12) .
, $c$ , $h$
$||u-u_{h}||1+||p-p_{h}||_{0}\leq ch(||u||_{2}+||p||_{1})$
. , $h$ GLS (9)
.
, GLS , , (6) (10)
$A_{\delta}^{\mathrm{G}\mathrm{L}\mathrm{S}}(\cdot, \cdot ; \mu_{h}),$ $A_{\delta}^{\mathrm{p}_{\mathrm{e}\mathrm{n}}\mathrm{a}1\mathrm{y}}\mathrm{t}(\cdot, \cdot ; \mu_{h})$ . GLS , Stokes
, ,









$\Omega$ 3 , $\Omega:=\{x\in \mathbb{R}^{3} ; 1/2<|x|<1\}$ . $b\geq 1$
$\mu=\exp((-\cos x_{1}+\sin x_{2}+x_{1}\cos X3)\log(b))$ .
. Stokes (1)$-(3)$
$u_{1}=\sin x_{1}-x_{1}\cos x_{2}$ ,
$u_{2}=2(\sin X_{2}-x_{2}\cos X_{3})$ ,
$u_{3}=2\sin X_{3^{-}}X_{3}(\cos x2+\cos x_{1})_{*}$




1.0 5.0 10.0 20 .0
$\mu_{\max}/\mu\min$ 1.0 97.16 699 .0 5,005 .0
2:
$2.057\cross 10^{-1}$ 4,692 23,184
1.081 $\cross 10^{-1}$ 37,464 205,056
$5.558\cross 10^{-2}$ 324,532 1,868,544
, , GLS
. 1 $b$ , 2
. $\delta=0.1$ . $b=20.0,$ $h=2.057\cross 10^{-1}$
GLS (9) , . 1
, $h$ , $||u-u_{h}||_{1}$ ,
$||p-p_{h}||_{0}$ . GLS
, GLS , $-$ , $h$ 1
.
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(c) $b=10.0$ , (d) $b=20.0$ .
1: $h$ , , , $||u-u_{h}||_{1},$ $||p-p_{h}||_{0}$ .
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